Torsion balances with fibres of zero length by Speake, Clive & Collins, Chris
 
 
University of Birmingham
Torsion balances with fibres of zero length
Speake, Clive; Collins, Chris
DOI:
10.1016/j.physleta.2018.02.015
License:
Creative Commons: Attribution (CC BY)
Document Version
Publisher's PDF, also known as Version of record
Citation for published version (Harvard):
Speake, C & Collins, C 2018, 'Torsion balances with fibres of zero length', Physics Letters A, vol. 382, no. 16,
pp. 1069-1074. https://doi.org/10.1016/j.physleta.2018.02.015
Link to publication on Research at Birmingham portal
General rights
Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.
•	Users may freely distribute the URL that is used to identify this publication.
•	Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.
•	User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
•	Users may not further distribute the material nor use it for the purposes of commercial gain.
Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.
When citing, please reference the published version.
Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.
If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.
Download date: 01. Mar. 2020
Physics Letters A 382 (2018) 1069–1074Contents lists available at ScienceDirect
Physics Letters A
www.elsevier.com/locate/pla
Torsion balances with ﬁbres of zero length
Clive C. Speake ∗, Christopher J. Collins
School of Physics and Astronomy, Institute of Gravitational Wave Astronomy, University of Birmingham, Edgbaston, Birmingham B15 2TT, UK
a r t i c l e i n f o a b s t r a c t
Article history:
Received 17 November 2017
Received in revised form 30 January 2018
Accepted 9 February 2018
Available online 21 February 2018
Communicated by M.G.A. Paris
Keywords:
Torsion balance
Gravity tests at short-ranges
Superconducting suspensions
Electrostatic suspensions
Torsion balances have good immunity to tilt and low rotational stiffness. However precise control of the 
position of the suspended torsion ‘bob’ is diﬃcult in the presence of ground vibrations and tilt and this 
is a limiting factor in applications where Casimir forces or putative non-Newtonian short-range forces are 
being measured. We describe how the desirable characteristics of torsion balances can be reproduced in 
a rigid body that is suspended using applied forces rather than a torsion ﬁbre. The suspension system can 
then provide a more precise control of the degrees of freedom of the suspended body. We apply these 
ideas to a superconducting levitated torsion balance, developed by the authors, and a generic electrostatic 
suspension. We present results of preliminary experiments that provide support for our analyses.
© 2018 University of Birmingham. Published by Elsevier B.V. This is an open access article under the CC 
BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
The torsion balance has been the work-horse of many areas of 
physics and engineering since the time of Cavendish [3,5]. The 
advantages associated with a state of the art Cavendish torsion 
balance are well understood and appreciated: measurements of 
torques can be made without the inﬂuence of Earth’s gravity; ﬁ-
bres can be easily manufactured that give very small torsional 
stiffness and this minimises the problem of noise associated with 
the sensor that detects the rotational motion; ﬁnally torsion bal-
ances can be made so that, to a good approximation, horizontal 
acceleration or tilt of the laboratory does not couple to their ro-
tation. As a result of these attributes the torsion balance has been 
used with great success to test the principle of weak equivalence 
and the inverse square law of gravitation [15]. However the classic 
torsion balance does have its drawbacks: its dynamics are complex 
as the suspended object (the bob) is essentially suspended as a 
simple pendulum that can swing in the presence of ground vibra-
tions that accelerate the attachment point of the ﬁbre. This makes 
the precise control of the linear displacements of the bob diﬃcult. 
Ground tilt in a typical laboratory is of the order of a few μrad 
and the displacement of the bob attached to the end of a ﬁbre of a 
few 10’s of cm in length can make measurements of forces whose 
range is less than a few μm problematic [10]. There is residual tilt 
coupling due to the asymmetry of the ﬁbre and, therefore, most 
torsion balances convert ground tilt into rotation about the torsion 
balance ﬁbre axis [13,1]. The question arises as to whether there 
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0375-9601/© 2018 University of Birmingham. Published by Elsevier B.V. This is an open could be devices that can equal the performance of the Cavendish 
balance in terms of their signal to noise for torque measurement, 
have low sensitivity to ground tilt, but have more controllable dy-
namics. Many attempts have been made at dispensing with the 
standard torsion ﬁbre. For example there have been: superconduct-
ing gradiometers [4] and torsion balances [6]; room temperature 
magnetic suspensions [9]; ﬂuid suspensions [8] and electrostatic 
suspensions [16]. Nevertheless our knowledge of weak forces with 
ranges larger than about 50 μm is still dominated by a device that 
was devised more than 200 years ago.
The goal of the work described here picks up from the instru-
ment developments of reference [6] and [16] (see also [7]) where 
the ﬁbre is absent. We refer to these devices as torsion balances 
with ‘ﬁbres of zero length’. We aim to realise post-Cavendish tor-
sion balances that have simple dynamics such that surfaces, that 
provide the source and test bodies for short range forces, can be 
accurately maintained in close proximity but still have the desir-
able properties of the Cavendish torsion balance. Such a devel-
opment would potentially allow more accurate measurement of 
forces of shorter range than 50 μm and provide a more sensitive 
device than atomic force microscopes (see [11]) that are currently 
commonly used in this regime.
We present a scheme for tuning the dynamics of a suspended 
object in order to decouple its rotational motion from translational 
accelerations and also to tune one or more of its rotational modes 
to give a low stiffness. We will consider a general case of a me-
chanically rigid object (i.e. with no internal degrees of freedom) 
suspended by some combination of actuators relative to some rigid 
structure. The actuators provide forces and stiffnesses and could be 
magnetic, electrostatic, air pressure actuators, mechanical springs, 
or some combination thereof. The forces provided by the actuators access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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springs could produce a stability or instability in the suspended 
object. However, the forces and their stiffnesses have to be tun-
able. Clearly, if the force provided by an actuator is either attractive 
or repulsive, it will not by itself produce an equilibrium position, 
either stable or unstable. Two such actuators acting in opposition 
can produce a stable equilibrium if the second derivative of the 
potential energy with respect to a particular degree of freedom 
is positive for both springs, and an unstable one if the second 
derivatives are both negative. We will speciﬁcally address the cases 
of superconducting diamagnetic and electrostatic suspensions. Dia-
magnetic superconducting suspensions can be used to suspend an 
object in a stable conﬁguration. In this case, the equilibrium po-
sition will represent a minimum of the body’s potential energy in 
the six-dimensional space of translations and rotations. The mo-
tion, for suﬃciently small deviations from the equilibrium position, 
should be well described by a combination of up to six harmonic 
oscillator modes. By Earnshaw’s theorem it is not possible to sta-
bly electrostatically suspend an object in three dimensions, but it 
may be in a stable conﬁguration if it is mechanically constrained 
in one or more dimensions, and it may also be servo-controlled 
such that it is effectively stable below some frequency range that 
is characteristic of the servo system.
In the following article we analyse the general case of a levi-
tated rigid body that is constrained by some combination of ac-
tuators relative to some rigid external structure (attached to the 
Earth). We refer to the levitated object as the ‘ﬂoat’, the actuators 
as ‘springs’ and the rigid structure as the ‘bearing’. We present a 
model for the potential energy in terms of generalised stiffnesses 
which constrain the ﬂoat’s motion relative to the bearing. We show 
how the stiffnesses can be deﬁned in order to allow one of the 
ﬂoat’s rotational degrees of freedom to be decoupled from trans-
lational vibrations of the bearing. We also show, using the speciﬁc 
examples of an electrostatic suspension and a superconducting tor-
sion balance, how the stiffnesses can be modiﬁed to achieve a 
rotational degree of freedom of low stiffness.
2. Decoupling of translational forces from the rotational mode
The low ﬂexural rigidity of the ﬁbre suspension of a Cavendish 
torsion balance is such that the centre of mass of the suspended 
torsion bob lies to a high accuracy directly below the axis of ro-
tation of the balance. This means that a transverse acceleration of 
the laboratory (e.g. from seismic noise) acting on the suspended 
mass (bob) through its centre of mass (COM) will not produce a 
torque on the balance. In general, for an electromagnetically sus-
pended object, there will be some offset between the COM and the 
point through which the suspension forces act. This leads to a cou-
pling between translational and rotational modes. This situation is 
illustrated in Fig. 1.
In Fig. 1 an object, represented by the outer rectangle (but that 
can in principle be of an arbitrary shape), is shown in an arbitrary 
orientation being supported by an array of forces, with their as-
sociated stiffnesses acting at various points on the surface of the 
body. We can assume, for the sake of ease of conceptual under-
standing, that the ﬁgure is a plan view and that local gravity acts 
in a perpendicular direction to the page. A steady acceleration of 
the bearing in the plane of the page will produce a force, Fc , act-
ing at the centre of mass of the ﬂoat and a reaction force 
−→
Fb at 
a position that we will deﬁne as the centre of buoyancy of the 
ﬂoat/bearing system. We have from Newton’s third law that
Fc + Fb = 0, (1)
and the net torque acting on the system is
 = rb × Fb + rc × Fc =
( rc − rb)× Fc. (2)Fig. 1. A schematic diagram in two dimensions of a ﬂoat (outer tilted rectangular 
object) that is suspended from a bearing using a combination of forces that are 
represented by springs in compression. A linear acceleration of the bearing creates 
forces Fc and Fb that act at the centre of mass of the ﬂoat and centre of buoyancy 
of the bearing, respectively. If the centre of buoyancy is not located at the centre of 
mass of the ﬂoat, a torque Γ is also produced. The labels for the coils are used in 
a discussion in Section 4.
We can equate the force acting on the ﬂoat with the product of 
its mass, m f , and the acceleration, ¨r0, of the bearing. The coordi-
nates of the centre of buoyancy, rb , and the centre of mass of the 
ﬂoat, rc , can be deﬁned with respect to a coordinate system cen-
tred on the bearing. We notice that the centre of buoyancy is the 
point at which a force can be applied such that it only produces a 
displacement of the ﬂoat and not a rotation. It follows that, if the 
centre of mass of the ﬂoat coincided with the centre of buoyancy, 
the ﬂoat would displace but not rotate. Tuning of the centre of 
mass position can be achieved by adjustment of the distribution of 
mass, as is the case in standard mechanical beam balances where 
an appropriate period of oscillation can be thus achieved, for ex-
ample. However here we explore the possibility of adjustment of 
the stiffnesses.
For a general positional conﬁguration of the ﬂoat, we can calcu-
late the potential energy, E , stored in the ensemble of suspension 
springs in terms of the linear and angular displacements of the 
ﬂoat, , with respect to the bearing as
E = 1
2
 · K · , (3)
where K is the symmetric stiffness matrix,
K =
⎛
⎜⎜⎜⎜⎜⎝
Kξξ Kξη Kξς Kξθ Kξφ Kξψ
Kηη Kης Kηθ Kηφ Kηψ
Kςς Kςθ Kςφ Kςψ
Kθθ Kθφ Kθψ
Kφφ Kφψ
Kψψ
⎞
⎟⎟⎟⎟⎟⎠
, (4)
with  = (ξ,η,ς, θ,φ,ψ) which contains, respectively, the ﬂoat’s 
spatial and angular displacements with respect to the bearing in 
a cartesian coordinate system. The components of the forces and 
torques, F , can be calculated using virtual work arguments in the 
usual way,
F = −K . (5)
Initially we will concentrate on the equations of motion in a 
plane perpendicular to Earth’s gravity. With reference to equa-
tion (2), we can take moments about the centre of buoyancy and 
use subscripts to denote the cartesian components of torque and 
force,
Γz = ΔxF y − yFx, (6)
where (x,Δy) is the location of the centre of mass with respect 
to the centre of buoyancy.
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ξ , η and angular motion, ψ about the z axis,⎛
⎝ FxF y
Γz
⎞
⎠= −
⎛
⎝ Kξξ Kξη KξψKξη Kηη Kηψ
Kξψ Kηψ Kψψ
⎞
⎠
⎛
⎝ ξη
ψ
⎞
⎠ . (7)
Substituting (6) into (7) and solving for ψ , we ﬁnd
ψ = −
(
K−131 − yK−133
)
Fx −
(
K−132 + xK−133
)
F y, (8)
where K−133 , for example, is a component of the inverse matrix 
of K . Setting ψ = 0, we ﬁnd
0 =
(
KηηKξψ − Kξηkηψ − y
(
−Kξξ Kηη + K 2ξη
))
Fx
+
(
Kξξ Kηψ − Kξψ Kξη + x
(
−Kξξ Kηη + K 2ξη
))
F y . (9)
We are looking for the conditions on the stiffnesses that ensure 
that the rotation angle, ψ , is zero irrespective of the magnitudes 
of the forces. This gives us two equations which the stiffnesses 
have to satisfy in terms of the coordinates of the applied force,
x = Kξξ Kηψ − KξηKξψ
Kξξ Kηη − K 2ξη
, (10)
and
y = KξηKηψ − KηηKξψ
Kξξ Kηη − K 2ξη
. (11)
These equations indicate that, in principle, we can tune the sus-
pension characteristics to eliminate the coupling of the applied 
force to rotation. Given that inertial accelerations will act at the 
COM of the levitated object and that the COM will in general not 
be located at centre of buoyancy, tuning the stiffnesses in accor-
dance with equations (10) and (11) will decouple the measure-
ment degree of freedom of the device from ground vibrations. We 
note that the cross-coupling terms, such as Kxy , can normally be 
made signiﬁcantly smaller than terms such as Kxx simply by rea-
sonable manufacturing tolerances. Hence if we wish the centre of 
buoyancy to correspond to the centre of mass, the stiffnesses must 
satisfy the following relationships,
Kηψ
Kηη
≈ x, (12)
and
Kξψ
Kξξ
≈ −Δy. (13)
3. Tuning the rotational period of the ﬂoat
3.1. Modelling the rotational stiffness due to one spring element
The aim of this section is to show that the rotational stiffness 
of the ﬂoat can be tuned by changing the relative stiffnesses and 
forces applied by individual spring elements that are appropriately 
positioned. In general a spring element located at a point, say x0
on the bearing, will be stretched by a rotation of the ﬂoat about its 
centre, as shown in Fig. 2. In what follows we will ignore the lin-
ear displacement of the ﬂoat relative to the bearing and we deﬁne 
the length of the spring, g , in Fig. 2, as being the distance between 
the point on the bearing where the spring is attached and a point 
on the ﬂoat measured perpendicular to the bearing surface. This 
of course is not an accurate way of modelling a real spring, how-
ever this model is convenient and adequate when considering the Fig. 2. Schematic diagram showing the construction and parameters required to cal-
culate the gap between the inner surface of the ﬂoat and bearing (see equation 
(16)).
superconducting magnetic and electrostatic suspensions described 
below. We can clearly store energy in the spring by changing its 
length. However we will also suppose that we can store energy by 
a simple rotation of the surface facing the actuator, with no change 
in gap. If we deﬁne the energy stored in an individual spring as ε, 
we can therefore deﬁne two stiffnesses as follows:
kψψ =
[
d2ε (ψ, g = const)
dψ2
]
ψ=0
(14)
and
kx0ψψ =
[
d2 (g (ψ))
dψ2
]
ψ=0
. (15)
Fig. 2 shows a schematic diagram of the gap, g , at a position x0, 
between the bearing and the inner surface of the ﬂoat for a ﬂoat 
rotation of ψ .
The gap can be calculated as a function of the position of the 
spring with respect to the symmetry axis of the bearing, x0, and 
the angular rotation, ψ , using Fig. 2,
g (ψ) = a
cosψ
− b + x0 tanψ. (16)
The rotational stiffness due to the change in the gap as a function 
of ψ is then
kx0ψψ =
d
dψ
(
dε
dg
dg
dψ
)
= dε
dg
d2g
dψ2
+ d
2ε
dgdψ
dg
dψ
. (17)
Using equation (16) we ﬁnd
kx0ψψ = a
dε
dg
+ x0 d
2ε
dgdψ
. (18)
The total stiffness of the ith spring against rotation is the sum of 
the two spring constants given in equations (14) and (15),
K iψψ = kψψ + a
dε
dg
+ x0 d
2ε
dgdψ
. (19)
We see that the contribution that an individual spring has to the 
total stiffness of the ﬂoat depends on how the energy varies with 
the gap and the tilt angle but also on its position relative to the 
symmetry axes of the ﬂoat. In the next section we will show that 
the rotational stiffness of the ﬂoat can be tuned, depending on the 
form of ε, using equation (19).
3.2. Calculation of the stiffness using superconducting diamagnetic 
and electrostatic suspensions
3.2.1. Modelling of electrostatic suspensions
For an actuator comprising a parallel plate capacitor of capac-
itance, C , with potential difference, V , the energy stored is equal 
to
1072 C.C. Speake, C.J. Collins / Physics Letters A 382 (2018) 1069–1074ε = 1
2
CV 2. (20)
However a voltage source must do work δW in order to maintain 
a constant voltage across the capacitor as the capacitance changes 
by δC . The work done by the capacitor is equal to
δW = −δCV 2. (21)
The net energy of a parallel plate capacitor of gap g and area A
can be considered to be therefore
e = −1
2
ε0A
g
V 2, (22)
where from equation (16) we have g = a − b for ψ = 0. The force 
due to the simple electrostatic spring when it undergoes an exten-
sion is
Fe = −dεe
dg
= −1
2
C
g
V 2 (23)
and its linear stiffness is
kgg = − C
g2
V 2. (24)
Notice that the force is negative and the stiffness is negative i.e.
the force between the plates is attractive and the stiffness pro-
duces an instability. Using equation (16) we can evaluate the stiff-
ness, due to the change in gap, of an electrostatic spring located at 
position x0 as illustrated in Fig. 2, as
kx0ψψ = kgg
(
x20 −
ga
2
)
. (25)
We can now calculate the change in energy of the electrostatic 
spring due to pure tilt by supposing, for simplicity, that the elec-
trodes are rectangular and of dimension d in the x direction and h
in the z direction (out of the page) in Fig. 2. The capacitance as a 
function of tilt, ψ , can easily be calculated as,
C (g,ψ)  ε0
+d/2∫
−d/2
hdx
(g − ψx)
= C (g,ψ = 0) ·
(
1+ 1
12
d2
g2
ψ2 + O
(
ψ4
))
. (26)
We then ﬁnd that
kψψ = ∂
2ε
∂ψ2
= − 1
12
Cd2
g2
V 2. (27)
We can now write the complete stiffness for the electrostatic 
spring using equation (19),
K iψψ = kgg
(
x20 +
d2
12
− ga
2
)
. (28)
This equation shows that the net stiffness contribution to the ﬂoat 
is a function of the position of the spring, the dimensions of the 
electrode and the geometry of the ﬂoat and bearing. An electro-
static spring located at ﬁnite distance (x0) relative to the symmetry 
axis of the ﬂoat/bearing system will contribute an instability and 
the ﬁnite size of the electrodes also increases the instability of the 
ﬂoat/bearing system. On the other hand, if the spring is located 
on the symmetry axis, the electrostatic stiffness is such as to pro-
duce a positive stiffness. We note that there are a number of ways 
that the oscillation period and sensitivity of the suspension can 
be tuned by varying simple geometrical properties. However, more 
importantly, the stiffness of the electrostatic spring can be tuned in situ by varying the voltages applied to individual spring elements. 
It is interesting to note that, if we ignore the intrinsic stiffness, 
kψψ (the second term in the bracket in equation (28)), an electro-
static spring can contribute zero rotational stiffness when
x0 =
√( ga
2
)
. (29)
This is of interest in the case of the superconducting suspension.
3.2.2. Modelling a superconducting magnetic suspension
In the case of a superconducting magnetic spring, the energy 
dependence of the spring with inductance will depend on whether 
the inductance is driven in constant current mode or whether a 
persistent current is stored. In the latter case, if an initial current 
I0 is stored when the inductance is equal to L0, the ﬂux, 0 =
I0L0 will be conserved. As the inductance changes with the gap 
between the magnetic coil and the superconducting surface of the 
ﬂoat, the energy will be given by
εm = 1
2
20
L (g)
. (30)
In a simple model of a ﬂat ‘pancake’ coil, with radius considerably 
larger than the gap between coil and the ﬂoat, the inductance can, 
to a good approximation, be taken to be proportional to the vol-
ume between the coil and the ﬂoat [12]. For rotational motion, as 
deﬁned in Fig. 2, this volume will be proportional simply to the 
gap, g , and we can then assume that L = βg , where β is a con-
stant. In this approximation, the potential energy will be equal to
εm = 1
2
20
βg
. (31)
This also implies that kψψ = 0. Using this form of the stored en-
ergy the total rotational stiffness of the ﬂoat can be found using 
equation (19) to be
K iψψ = kx0ψψ = kgg
(
x20 −
ga
2
)
, (32)
where here we deﬁne
kgg = 
2
0
L0g2
. (33)
We see that the rotational stiffness contribution due to the su-
perconducting spring, when it is located on the symmetry axis, 
produces the opposite sign of stiffness to that of the spring lo-
cated at distance x0 away from the axis. This can be understood 
with reference to Fig. 2: if the pancake coil is located at P, on the 
symmetry axis of the bearing, rotation, ψ , of the ﬂoat moves the 
point of application of its repulsive force on the ﬂoat to Q. The 
force is perpendicular to the surface of the ﬂoat. It should be born 
in mind that this force acting on the ﬂoat by the pancake coil is 
cancelled by a similar coil, not shown in Fig. 2, located on the op-
posite side of the bearing (a distance 2a below P). However the 
forces from the pairs of coils produce a torque that increases the 
rotation angle. On the other hand a pancake coil located at x0 will 
apply a repulsive force to the ﬂoat that decreases as ψ increases. 
This adds stiffness to the rotational mode. Again, in the complete 
picture, the force due to the coil at x0 is cancelled by a similar coil 
located on the opposite face of the bearing that is not shown in 
Fig. 2. In order to produce a zero stiffness suspension the relation-
ship between the radius of the ﬂoat, a, the gap, g , and the distance 
x0 is identical with that given in equation (29).
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Fig. 3b. Showing the bearing structure with lead lift coils and recesses for the side 
coils.
4. Status of experimental investigations
We have constructed a torsion balance that implements the 
techniques described in this paper that is based on superconduct-
ing actuators. Figs. 3a and 3b show photographs of the new torsion 
balance which has three-fold symmetry and is designed for oper-
ation in the lab (not space). The ﬂoat (Fig. 3a) is manufactured 
from copper panels with an interior coating of lead. The exterior 
of the side panels of the ﬂoat are gold coated to allow the angu-
lar displacement to be measured optically. The bearing is shown in 
Fig. 3b. There are three levitation coils on the top surface of the 
bearing that provide lift and vertical stability. On each vertical side 
of the bearing there are three coils (not in place in Fig. 3b): one 
coil sits at the centre of each panel and provides transverse sta-
bility and rotational instability (‘instability’ coil); at each extremity 
of each side panel there are coils that provide predominantly ro-
tational stiffness (‘stability’ coil). The coils are made from lead and 
are designed to work in persistent current mode.
A procedure can be deﬁned that tunes the rotational stiffness 
and the centre of buoyancy such that the net force and torque 
on the ﬂoat are zero. We also need to deﬁne independently a 
transverse stiffness that gives the ﬂoat stability against horizontal 
motion. We will brieﬂy outline this process here in a qualitative 
way using the simple case of the rectangular ﬂoat shown in Fig. 1, 
assuming that we replace the mechanical springs with supercon-
ducting actuators. Firstly we can use equations (16) and (30) to 
ﬁnd the off-diagonal stiffness term for a single coil that is rele-
vant for the tuning of the centre of buoyancy in the y direction, 
vertically up the in Fig. 1 (see equation (13)),
K iξψ =
2i
L0g2
y0, (34)
where we have assumed ψ = 0 and where y0 (rather than x0) is 
now the distance of the coil from the symmetry axis located at 
y = 0. The centre of buoyancy can be adjusted by introducing a 
difference between the ﬂuxes, A and B , in the coils labelled A1Table 1
Summary of results of a preliminary experiment to show that the angular stiffness 
of the superconducting levitation system can be reduced by changing the ratios of 
currents ﬂowing through the coils at the centres and ends of the side panels of the 
bearing shown in Fig. 3b.
Measured angular stiffness μNm/rad Calculated angular stiffness μNm/rad
67± 13 60
38.5± 7 28
18.8± 2 11.2
6.5± 1.6 4.4
and B1 located at ±y0 in Fig. 1. The net change in the off-diagonal 
stiffness becomes
Kξψ = y0
L0g2
(
2B − 2A
)
. (35)
In order to maintain zero torque on the ﬂoat during this process 
we need to modify the ﬂuxes in coils A2 and B2 in a similar way. 
Balancing the torques due to opposed actuators allows us to con-
sider the tuning procedure in terms of only the three coils on a 
single side of the ﬂoat (note that the instability coils are not in-
dicated in Fig. 1). This gives us three conditions: the difference 
in the stiffnesses of the stability coils, the difference between the 
stiffnesses of the stability coils and the instability coil and the sum 
of the stiffnesses of all coils. These conditions are given in terms 
of the centre of buoyancy correction, the rotational period and the 
transverse stiffness, respectively. As we have three unknowns in 
terms of the ﬂuxes in each coil, we can satisfy these conditions.
We have performed experiments in order to demonstrate the 
adjustment of rotational stiffness through balancing ‘stabilising’ 
and ‘destabilising’ springs using a simpliﬁed version of the triangu-
lar superconducting torsion balance. The three central ‘instability’ 
coils were connected in series, as were three ‘stability’ coils that 
would act to push the ﬂoat, say, in a clockwise direction and the 
other three stability coils that would drive the ﬂoat in the anti-
clockwise direction, giving four independent circuits when the lev-
itation coils are included. This was suﬃcient to allow the angular 
stiffness to be adjusted, but not to carry out the ‘centre of buoyan-
cy’ adjustments. The ﬂoat in this case was made of folded niobium 
sheet which was lighter than the ﬂoat shown in the Fig. 3a, and 
could be levitated with a smaller current but was, however, diﬃ-
cult to manufacture accurately. The angular displacement of the 
ﬂoat was measured using the persistent currents stored in the 
bearing using an inductance readout. A torque could be applied 
to the ﬂoat by an additional coil facing the ﬂoat from the outside.
The angular stiffness, as measured directly by the angular dis-
placement produced by a given torque applied by the external coil, 
was measured for a number of different conﬁgurations of current 
in the side coils. All conﬁgurations were expected to give about 
the same stiffness for transverse displacements, but should have 
given different angular stiffness due to the relative strength of the 
unstable and the stable magnetic springs. The measured angular 
stiffnesses are tabulated in Table 1, alongside the predicted value 
from our model. It can be seen that the results are approximately 
as predicted and we take them to show that the model described 
in Section 3 above is viable and that it is indeed possible to create 
instability in the ﬂoat with stable magnetic springs.
These early experiments were promising but could not satisfac-
torily explore low values of stiffness and we believe that this was 
because the torsion balance, perhaps due to its imperfect geome-
try, would ﬁnd local minima in its potential energy as the stiffness 
was reduced. We are now working toward using the ﬂoat shown 
in Fig. 3a together with a servo controller to more thoroughly ex-
plore the ideas described in this paper and will report the results 
in a future publication.
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This paper is aimed at illustrating the concepts and indicat-
ing approximate solutions to the problems associated with lin-
ear to rotational coupling and achieving low rotational stiffness. 
Clearly more detailed paper studies, taking into consideration the 
non-linearities of the ‘springs’, edge effects, imperfections in the 
geometry of the ﬂoat etc, could be made using ﬁnite element 
methods. We have assumed that bias forces and stiffnesses can 
be added without the addition of noise to the torsion balance 
and, in principle, this is not possible. For example, there will be 
ﬂuctuations in the magnitude of the potentials applied to an elec-
trostatic suspension that, at some level, couple to its rotational 
mode. However these problems are well understood as there has 
been a lot of work done recently on electrostatic accelerometers 
for linear motion for space-based gravitational wave detectors [2]
and for testing the Equivalence Principle [14]. Superconducting 
suspensions are passive in persistent mode and can therefore be 
completely decoupled from external current supplies. The effec-
tive inductance of the pancake coils depends on the penetration 
depth of the superconducting material [12] which is temperature 
dependent and this will lead to ﬂuctuations in the magnetic forces 
and torques applied to the ﬂoat. Clearly more experimental inves-
tigations need to be performed in order to realise a high quality 
device.
6. Conclusions
We have presented a simple analysis of the static character-
istics of a torsion balance that is suspended using electrostatic 
or superconducting magnetic actuators. We have shown that it 
is possible for such a device to be insensitive to linear accelera-
tions provided that the stiffnesses deﬁning its static stability can 
be adjusted appropriately. Using analytical expressions for elec-
trostatic and superconducting ‘springs’ we have shown that the 
magnitude and sign of their rotational stiffnesses can be modi-
ﬁed using the geometry of the suspended object. In particular, in 
principle, a zero stiffness can be achieved in both cases by an ap-
propriate choice of the gap relative to the ﬂoat dimensions and the 
location of the ‘spring’ relative to the symmetry axis of the ﬂoat. 
Importantly these adjustments can be realised when the torsion 
balance is operational, even in a cryogenic environment for exam-
ple, by adjusting the voltage on an electrode or the current in a 
coil.
We have shown results of a preliminary experiment that sup-
ports the idea that the rotational stiffness can be tuned in the 
way we describe. We suggest that, by using the principles we de-
scribe here, it should be possible to construct devices that measure 
torques with low stiffness and low sensitivity to ground vibration 
and hence mimic the characteristics of the Cavendish torsion bal-
ance. We would emphasise that the motivation for this work is not 
to necessarily to improve the quality of existing Cavendish torsion 
balances per se but to develop devices that will enable searches for 
putative forces with ranges of less than 50 μm or so, which seems 
to be the current limit of the capability of torsion balances with 
ﬁbre suspensions of ﬁnite length. Finally it is possible to conceive 
of hybrid torsion balances where the majority of the weight of the 
suspended ‘ﬂoat’ is supported by a mechanical component of non-
ideal geometry, a ﬁbre, but the properties of the assembly may be 
tuned, by the principles discussed here, to achieve an acceptable 
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